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Abstract
An examination of three well-known composition techniques allows to get some new infor-
mation about the number of non-isomorphic BIBDs with suitable parameters. c© 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction
We recall three well-known composition constructions in design theory.
The 6rst one, starting from a (v; b; r; k; 1)-RBIBD leads to a (v + r; k + 1; 1)-BIBD
by adding to all the blocks of each parallel class P an ‘in6nity point’ ∞P , and by
arranging, if possible, the in6nity points in a (r; k + 1; 1)-BIBD.
The second composition construction is the one that allows to get a (kv; k; 1)-BIBD
by &lling each group of a TD-(k; v) with a (v; k; 1)-BIBD.
Finally, the third construction is the one that starting from a TD-(k; v) with point-set
X and group-set C leads to a (kv + 1; k; 1)-BIBD by adding a point ∞ to X and by
6lling each extended group C ∪ {∞} with a (v+ 1; k; 1)-BIBD.
In this note, we observe that under suitable hypothesis on the parameters, the designs
obtainable with these composition constructions are not isomorphic if one changes one
of the component designs.
As a consequence, we are able to up date the number of nonisomorphic designs of
assigned parameters in some small cases.
For general background on designs we refer to [3]. Here, we brie=y recall the es-
sential de6nitions.
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A (v; k; 1) balanced incomplete block design (brie=y BIBD) is a pair (X;B) where
X is a v-set of elements called points, and B is a set of k-subsets of X called blocks
with the property that any 2-subset of X is contained in exactly one block. An easy
counting argument shows that the number of blocks through any point of such a BIBD
is (v − 1)=(k − 1). This number, denoted by r, is called the replication number of
the BIBD. The size of B, denoted by b, is also a function of v and k since we have
b= v(v− 1)=[k(k − 1)].
Sometimes, one speaks of a (v; b; r; k; 1)-BIBD, instead of a (v; k; 1)-BIBD, in order
to explicitly point out the values of b and r.
A transversal design TD-(k; v) is a triple (X;C;B) where X is a (kv)-set of elements
called points, C = {C1; : : : ; Ck} is a partition of X into v-sets called groups, and B
is a v2-set of k-subsets of X called blocks with the property that any block meets
every group in exactly one point and any two points belonging to distinct groups are
contained in exactly one block.
A resolution of a design (BIBD or TD) is a partition of its block-set into classes
(parallel classes) each of which is, in its turn, a partition of the point-set.
Speaking of a RBIBD or RTD, we mean a resolved BIBD or TD, namely, a BIBD
or TD together with a speci6c resolution of it.
Two designs (BIBD’s or TD’s) with respective point-sets X and X ′ and respective
block-sets B and B′ are isomorphic if there exists a bijection from X to X ′ mapping
B into B′.
Two resolved designs (RBIBD’s or RTD’s) with respective point-sets X and X ′ and
respective resolutions R and R′ are isomorphic if there exists a bijection from X to
X ′ mapping R into R′.
Note that any isomorphism between two resolved designs is also an isomorphism
between the underlying designs but the converse is not generally true.
2. Composing a (C; b; r; k; 1)-RBIBD with a (r; k + 1; 1)-BIBD
Let D= (X;A) be a (v; k; 1)-BIBD and let Z be a subset of X . Set A′ = {A ∈A |
A⊂Z} and D|Z = (Z;A′). If D|Z is a (|Z |; k; 1)-BIBD, then one says that D|Z is a
subdesign of D.
Theorem 2.1. Let  be the number of nonisomorphic (v; b; r; k; 1)-RBIBDs and let  be
the number of nonisomorphic (r; k + 1; 1)-BIBDs. Then; if either no (v=k; k; 1)-BIBD
exists or no ((r − 1)=k; k + 1; 1)-BIBD exists; there are at least  nonisomorphic
(v+ r; k + 1; 1)-BIBDs.
Proof. We are going to consider the classical construction leading to a (v + r; k; 1)-
BIBD starting from any pair (D;E) where D is a (v; b; r; k; 1)-RBIBD and E is a
(r; k + 1; 1)-BIBD.
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In the hypothesis that no (v=k; k; 1)-BIBD or ((r − 1)=k; k + 1; 1)-BIBD exists, we
prove that the constructions starting from two pairs (D;E) and (D′;E′) are isomor-
phic only if D is isomorphic to D′ and E is isomorphic to E′. The assertion will
follow.
Let D=(X;A;R) be a (v; b; r; k; 1)-RBIBD and let E=(Y;B) be a (r; k+1; 1)-BIBD.
Set Y = {y1; y2; : : : ; yr} and R= {P1; P2; : : : ; Pr}.
We denote by D ◦ E the (v + r; k + 1; 1)-BIBD with point-set X ∪ Y and block-set
A+ ∪B where
A+ = {A ∪ {yi} |A ∈ Pi; i = 1; : : : ; r}: (1)
Of course (D ◦ E)|Y = E. Hence E is a (r; k + 1; 1) subdesign of D ◦ E. Now, we
show that D ◦ E does not possess any other (r; k + 1; 1)-subdesign.
In fact, assume that (D ◦ E)|Z is another (r; k + 1; 1) subdesign of D ◦ E.
In this case, it is clear that D|Z∩X is a (|Z ∩ X |; k; 1) subdesign of the underlying
BIBD (X;A) of D and E|Z∩Y is a (|Z ∩ Y |; k + 1; 1) subdesign of E.
Take a point x ∈ Z ∩ X . Any block of (D ◦ E)|Z through x has exactly one point
belonging to Z ∩ Y . Conversely, any point y ∈ Z ∩ Y belongs to exactly one block of
(D ◦ E)|Z passing through x. It follows that the size of |Z ∩ Y | equals the replication
number of (D ◦ E)|Z , i.e., |Z ∩ Y |= (r − 1)=k.
Hence we have |Z ∩ X |= r − (r − 1)=k = v=k.
So, if there exists a (r; k+1; 1) subdesign of D ◦E distinct from E then there exists
a (v=k; k; 1)-BIBD and a ((r − 1)=k; k + 1; 1)-BIBD. This contradicts the hypothesis.
Now, let D ◦ E and D′ ◦ E′ be (v + r; k + 1; 1)-BIBDs obtainable starting from the
pairs (D;E) and (D′;E′), respectively.
Let f be an isomorphism between D ◦ E and D′ ◦ E′. Of course any design iso-
morphism maps subdesigns into subdesigns. Then, since E is the only (r; k + 1; 1)
subdesign of D ◦ E while E′ is the only (r; k + 1; 1) subdesign of D′ ◦ E′, we have
that f induces an isomorphism between E and E′.
It follows that f induces a bijection between the point-sets X and X ′ of D and D′.
Let A be any block of D and let Pi be the parallel class containing it. Then, A∪{yi}
is a block of D ◦ E so that f(A) ∪ {f(yi)} is a block of D′ ◦ E′. On the other hand
f(yi) is the only point of this block belonging to the point-set Y ′ of E′ so that, by (1),
f(A) is a block of D′. Thus f also induces an isomorphism between the underlying
BIBD’s of D and D′.
Finally, let Pi be any parallel class of D and set f(yi) = y′j. If A is a block of Pi,
then, by (1), A ∪ {yi} is a block of D ◦ E. Thus, f(A) ∪ {y′j} is a block of D′ ◦ E′
and, for what is seen in the above paragraph, f(A) is a block of D′. Hence, by (1)
again, f(A) belongs to the jth parallel class of D′, i.e., f maps Pi into P′j. Then, since
Pi has been taken arbitrarily, we may claim that f maps the resolution of D into the
resolution of D′.
In conclusion, besides f inducing an isomorphism between E and E′, f also induces
an isomorphism between D and D′.
The assertion follows.
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It is appropriate to note that a (1; k + 1; 1)-BIBD exists (it contains no blocks) so
that the above theorem may not be applied with r = k + 1. In other words, Theorem
2.1 does not allow to deduce information on the number of projective planes of order
k from the knowledge of the number of aNne planes of order k.
Corollary 2.2. Let v ≡ k (mod k(k − 1)) but v ≡ k2 (mod k2(k − 1)). Let  and ;
respectively be the numbers of nonisomorphic (v; b; r; k; 1)-RBIBDs and (r; k + 1; 1)-
BIBDs. Then there exist at least  nonisomorphic (v+ r; k + 1; 1)-BIBDs.
Proof. Using the trivial arithmetic conditions for the existence of BIBDs of assigned
parameters, it is easy to see that the existence of a (v; k; 1)-RBIBD requires that
v ≡ k (mod k(k − 1)). If one also asks the existences of (r; k + 1; 1)-, (v=k; k; 1)- and
((r − 1)=k; k + 1; 1)-BIBDs then v= k2(k − 1)n+ k2 for some n such that n(n− 1) ≡
0 (mod k + 1).
The assertion follows from Theorem 2.1.
For instance, the hypotheses of the above corollary are not met when (v; k; 1) =
(k4; k; 1) and k is a prime power. The parameters of this design are the same as those
for the point-line design associated with AG(4; k), the 4-dimensional aNne space over
GF(k). In fact, in this case, we have v= k2(k − 1)n+ k2 with n= k + 1.
In this regard, note that by combining the (k4; k; 1)-RBIBD associated with AG(4; k)
with the ((k4 − 1)=(k − 1); k + 1; 1)-BIBD associated with PG(3; k), one obtains the
((k5− 1)=(k − 1); k +1; 1)-BIBD associated with PG(4; k) whose number of ((k4− 1)=
(k − 1); k + 1; 1) subdesigns is exactly (k5 − 1)=(k − 1).
But now we show two small cases where Theorem 2.1 succeeds in improving the
lower bound on the known number of nonisomorphic BIBDs of assigned parameters.
There exist at least 528 nonisomorphic (33; 3; 1)-RBIBDs (see [5]). Combining
them with the (unique) (16; 4; 1)-BIBD, we get, by Theorem 2.1, 528 nonisomorphic
(49; 4; 1)-BIBDs.
By the proof of the theorem, each of these BIBDs has exactly one (33; 3; 1) subde-
sign. Hence, none of them is isomorphic to any of the 240 BIBDs with these parameters
previously known. In fact these 240 known designs (see [4]) are regular or 1-rotational
so that, if one of them possesses a (33; 3; 1) subdesign, then it possesses at least 33 or
32 subdesigns with these parameters. Hence, we may claim:
Remark 2.3. There exist at least 768 nonisomorphic (49; 4; 1)-BIBDs.
According to the tables of small BIBDs by Mathon and Rosa [6], there exist at least
9419 nonisomorphic (51; 3; 1)-RBIBDs and exactly 18 nonisomorphic (25; 4; 1)-BIBDs
(the last two were found in [7]). Combining them we get, by Theorem 2.1, 169, 742
(76; 4; 1)-BIBDs.
As before, none of them is isomorphic to any of the 32 designs with these parameters
previously known since these designs are cyclic. Hence we may claim:
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Remark 2.4. There exist at least 169, 774 nonisomorphic (76; 4; 1)-BIBDs.
3. Composing a TD-(k; C) with a (C; k; 1)-BIBD
We now consider the second classical construction often called &lling the holes.
Theorem 3.1. Let  and r be the number of nonisomorphic TD-(k; v)’s and RTDs; re-
spectively. Let  and r be the number of nonisomorphic (v; k; 1)-BIBDs and RBIBDs;
respectively. Finally; let  and r be the number of nonisomorphic (kv; k; 1)-BIBDs
and RBIBDs; respectively.
Then; if no (v=k; k; 1)-BIBD exists; the following inequalities hold:
(a) ¿
(
+ k − 1
k
)
(b) r¿r
(r + k − 1
k
)
.
Proof. (a) We give a construction of a (kv; k; 1)-BIBD starting from any (k +1)-tuple
(T;D1; : : : ;Dk) where T is a TD-(k; v) and the Di’s are (v; k; 1)-BIBDs.
In the hypothesis that no (v=k; k; 1)-BIBD exists, we prove that if the constructions
starting from two (k +1)-tuples (T;D1; : : : ;Dk) and (T′;D′1; : : : ;D
′
k) are isomorphic,
then T is isomorphic to T′ and each Di is isomorphic to some D′j.
It will follow that this kind of construction give us m nonisomorphic (kv; k; 1)-BIBDs
where m is the number of k-multisubsets of the set of isomorphism classes of (v; k; 1)-
BIBDs, i.e., m=( +k−1k ) according to the formula giving the number of k-multisubsets
of a -set (see, e.g., [2, p. 75]).
Fix a (k+1)-tuple (T;D1; : : : ;Dk) where T=(X;C;A0) is a TD-(k; v) with point-set
X , group-set C = {C1; C2; : : : ; Ck}, and block-set A0.
For each i = 1; 2; : : : ; k construct a (v; k; 1)-BIBD (Ci;Ai) isomorphic to Di.
It is clear that the pair
D=
(
X;
⋃
06i6k
Ai
)
is a (kv; k; 1)-BIBD.
Of course (Ci;Ai) is a subdesign of D for each i= 1; : : : ; k. We now prove that D
does not possess any other (v; k; 1) subdesign.
In fact, let E= (Y;B) be a (v; k; 1) subdesign of D. For any i, set Yi = Y ∩Ci. First
of all, we observe that each E|Yi is a subdesign of E.
For points x; x′ belonging to distinct groups of T, let us denote by [x; x′] the block
of T containing both of them. It is clear that for i = j we have
A0 ∩B= {[yi; yj] | (yi; yj) ∈ Yi × Yj}:
Thus, we have |A0 ∩B|= |Yi × Yj| for i = j.
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So, there are two possibilities:
() |Yi| does not depend on i, that is, |Yi|= v=k for any i.
() Yi = Y for a suitable i and Yj = ∅ for j = i.
But () cannot occur since, by assumption, no (v=k; k; 1)-BIBD exists.
Hence () holds, i.e., E= (Ci;Ai).
Now, let D and D′ be (kv; k; 1)-BIBDs obtainable starting from the (k + 1)-tuples
(T;D1; : : : ;Dk) and (T′;D′1; : : : ;D
′
k), respectively.
Let f be an isomorphism between D and D′. Since the (v; k; 1) subdesigns of
D exactly are (C1;A1); : : : ; (Ck;Ak) while the (v; k; 1) subdesigns of D′ exactly are
(C′1;A
′
1); : : : ; (C
′
k ;A
′
k), we have that f induces an isomorphism between each (Ci;Ai)
with some (C′j ;A
′
j).
Moreover, since each A ∈A0 meets each Ci in exactly one point, f(A) must meet
each C′j in exactly one point and hence, necessarily, f(A) ∈ A′0. This means that f
induces an isomorphism also between T and T′. Then (a) follows.
(b) Starting from any (k + 1)-tuple (T;D1; : : : ;Dk) where T is a RTD-(k; v) and
the Di’s are (v; b; r; k; 1)-RBIBDs, it is possible to get a (kv; k; 1)-RBIBD as fol-
lows. Let T = (V;C;A0;R0) with C = {C1; : : : ; Ck}. For each i = 1; : : : ; k construct
a (v; k; 1)-RBIBD (Ci;Ai ;Ri) isomorphic to Di. Let us order, arbitrarily, the parallel
classes of each Ri:
Ri = {Pi1; Pi2; : : : ; Pir}:
For j=1; : : : ; r set Qj =P1j ∪P2j ∪ · · · ∪Pkj. Finally, set R=R0 ∪ {Q1; Q2; : : : ; Qr}.
It is easy to see that D= (V;
⋃
06i6kAi ;R) is a (kv; k; 1)-RBIBD.
Also, here one may see that the Ei’s are the only (v; k; 1) resolved subdesigns of D.
Thus, reasoning as in (a), we have that starting from two (k + 1)-tuples
(T;D1; : : : ;Dk) and (T′;D′1; : : : ;D
′
k) we get isomorphic RBIBDs only if T is iso-
morphic to T′ and each Di is isomorphic to some D′j.
So, the above construction leads to rm nonisomorphic RBIBDs where m is the
number of k-multisubsets of the set of isomorphism classes of (v; k; 1)-RBIBDs, i.e.,
m=
(
r + k − 1
k
)
:
The assertion follows.
We are going to apply the above theorem in the cases where (v; k) = (25; 4) and
(28; 4). Note that the theorem meets application in both cases since no (v=k; k; 1)-BIBD
exists.
The existence of a TD-(4; 25) is ensured by the existence of a (25; 25; 1) di;erence
matrix.
Also, the existence of a RTD-(4; 28) is ensured by the existence of a (28; 4; 1)
diQerence matrix. In this regard, it should be pointed out the much stronger result that
a (28; 6; 1) diQerence matrix exists (see [1, Theorem 2:45]).
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As already remarked, there exist exactly 18 nonisomorphic (25; 4; 1)-BIBDs. Also,
according to [6], there exist at least 145 nonisomorphic (28; 4; 1)-BIBDs and at least 7
nonisomorphic (28; 4; 1)-RBIBDs. These informations allow us to apply Theorem 3.1
and to up date the number of known (100; 4; 1)-BIBDs, (112; 4; 1)-BIBDs and (112; 4; 1)-
RBIBDs.
According to [6] again, these numbers were 2, 2 and 1, respectively.
Instead, applying Theorem 3.1 we get:
Remark 3.2. There exist at least 5, 985 nonisomorphic (100; 4; 1)-BIBDs.
• There exist at least 19, 190, 605 nonisomorphic (112; 4; 1)-BIBDs.
• There exist at least 210 nonisomorphic (112; 4; 1)-RBIBDs.
4. Composing a TD-(k; C) with a (C + 1; k; 1)-BIBD
We 6nally consider the third classical construction mentioned in the introduction.
Theorem 4.1. Let ;  and  be the numbers of nonisomorphic TD-(k; v)’s;
(v+1; k; 1)-BIBDs and (kv+1; k; 1)-BIBDs; respectively. Then; if no (v=k; k; 1)-BIBD
exists; we have
¿
(
+ k − 1
k
)
:
Proof. Fix a (k + 1)-tuple (T;D1; : : : ;Dk) where T = (X;C;A0) is a TD-(k; v) and
each Di is a (v+ 1; k; 1)-BIBD.
Fix a symbol ∞ not belonging to X and, for each i = 1; 2; : : : ; k, construct a
(v+ 1; k; 1)-BIBD (Ci ∪ {∞};Ai) isomorphic to Di.
It is clear that the pair D= (X ∪ {∞};⋃06i6kAi) is a (kv+ 1; k; 1)-BIBD.
Reasoning as in Theorem 3.1 it is easy to see that starting from two (k + 1)-tuples
(T;D1; : : : ;Dk) and (T′;D′1; : : : ;D
′
k) we get isomorphic designs only if T is isomor-
phic to T′ and each Di is isomorphic to some D′j. The assertion follows.
Let us apply the above theorem in the cases where (v; k) = (24; 4) and (27; 4).
The existence of a TD-(4; 24) and a TD-(4; 27) is ensured by the existence of a
(24; 6; 1) diQerence matrix (see [1, Theorem 2:43]) and a (27; 27; 1) diQerence matrix,
respectively.
This, together with the information about the numbers of known (25; 4; 1)-BIBDs
and (28; 4; 1)-BIBDs that we have seen in the previous section, allows us to apply
Theorem 4.1 and to up date the number of known (97; 4; 1)-BIBDs and (109; 4; 1)-
BIBDs. Before (see [6]) not more than two nonisomorphic designs with these para-
meters were known. Instead, applying Theorem 4.1 we get:
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Remark 4.2. There exist at least 5, 985 nonisomorphic (97; 4; 1)-BIBDs.
• There exist at least 19, 190, 605 nonisomorphic (109; 4; 1)-BIBDs.
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